Abstract. Let n be a 2-step nilpotent Lie algebra which has an inner product ⟨ , ⟩ and has an orthogonal decomposition n = z ⊕ v for its center z and the orthogonal complement v of z. Then Each element z of z defines a skew symmetric linear map Jz : v −→ v given by ⟨Jzx, y⟩ = ⟨z, [x, y]⟩ for all x, y ∈ v. In this paper we characterize Jacobi fields and calculate all conjugate points of a simply connected 2-step nilpotent Lie group N with its Lie algebra n satisfying J 2 z = ⟨Sz, z⟩A for all z ∈ z, where S is a positive definite symmetric operator on z and A is a negative definite symmetric operator on v.
Introduction
Let n denote a finite dimensional Lie algebra over the real numbers. The Lie algebra n is called 2-step nilpotent Lie algebra if [x, [y, z]] = 0 for any x, y, z ∈ n. A Lie group N is said to be 2-step nilpotent if its Lie algebra n is 2-step nilpotent. Throughout, N will denote a simply connected, 2-step nilpotent Lie group with Lie algebra n having center z. We shall use ⟨ , ⟩ to denote either an inner product on n or the induced left-invariant Riemannian metric tensor on N . Let v denote the orthogonal complement of z in n .
Each element z of z defines a skew symmetric linear map J z : v −→ v given by J z (x) = (adx) * (z) for all x ∈ v, where (adx) * (z) is the adjoint of adx relative to the inner product ⟨ , ⟩. More usefully J z is defined by the equation followed. Especially, in 1997, Walschap [14] showed that for a nonsingular 2-step nilpotent Lie group with one dimensional center, the cut locus and the conjugate locus coincide, and he made an explicit determination of all first conjugate points in such a group. Gornet and Mast [4] showed that the first cut point of the starting point γ(0) along a unit speed geodesic γ with initial velocity γ ′ (0) = x 0 + z 0 for x 0 ∈ v and z 0 ∈ z in a simply connected 2-step nilpotent Lie group N does not occur before length 2π θ(z) , where θ(z) is the biggest of the norms of the eigenvalues of the skew-symmetric map J z . Jang and Park later gave explicit formulas for all conjugate points along geodesics in any 2-step nilpotent Lie groups with one dimensional center [6] . And J. Kim [11] calculated all conjugate points of H-type groups. These last two works are generalized in a pseudo-Riemannian version by Jang, Parker, and Park [7, 8] . J. Lauret [13] introduced the notion of modified H-type by weakening the H-type condition.
where S is a positive definite symmetric operator on z and A is a negative definite symmetric operator on v. Note that this class of 2-step nilpotent Lie groups contains all 2-step nilpotent groups with one dimensional center and all H-type groups, even all modified H-type groups. The definiteness of two operators A and S in (1.2) implies that we are in the nonsingular case, i.e., the map J z has never zero eigenvalues. The main purpose of this paper is to characterize Jacobi fields and calculate all conjugate points and their multiplicities in a simply connected 2-step nilpotent Lie group N satisfying (1.2). Since N is endowed with a left invariant metric, we will only consider Jacobi fields and conjugate points along geodesics emanating from the identity element of N . In the remaining of this section we recall some facts about conjugate points. Also we will investigate some properties of simply connected 2-step nilpotent Lie groups satisfying (1.2) and state main results of this paper. In Section 2, we will give proofs of main results.
To study conjugate points, we use the Jacobi operator.
Definition 1.2.
Along the geodesic γ, the Jacobi operator is given by
where R denotes the Riemannian curvature tensor.
For the reader's convenience, we recall that a Jacobi field along γ is a vector field along γ which is a solution of the Jacobi equation is equal to the number of linearly independent of Jacobi fields Y (t) with Y (0) = Y (t 0 ) = 0 and will be denoted by mult cp (t 0 ). We will identify an element of n with a left invariant vector field on N since T e N may be identified with n, where e denotes the identity element of N .
For the reader's convenience, we provide the statement of Proposition 2.1 from [7] . 
is an H-type metric. Proof. Since properties 1, 2, and 3 directly follows from (1.1) and (1.2), we omit proofs of them. It is clear that z ⊕ v i is a subalgebra of n for every i ∈ {1, 2, . . . , m}. Also we can see that J
Here are some characterizations on 2-step nilpotent groups satisfying J 2 z = ⟨Sz, z⟩A, which will be useful for computations.
Lemma 1.6. Let N be a simply connected nonsingular 2-step nilpotent group endowed with a left invariant metric ⟨ , ⟩. Then for a positive definite symmetric operator S on the center z of its Lie algebra n and a negative definite symmetric operator A on the orthogonal complement v of z the following statements for N are all equivalent.
(1) The equality
Proof. To prove all equivalences we can proceed in the cyclic order (1
. Since all steps can be verified in standard ways by polarization or by the fact that ⟨J z x, y⟩ = −⟨x, J z y⟩ for all x, y ∈ v and z ∈ z, here we only show the step (5) ⇒ (1). By hypothesis (5), we get
for all x, y ∈ v and for all z ∈ z. This and hypothesis (5) implies that
for all x, y ∈ v and for all z ∈ z. Thus we have
for all x, y ∈ v and for all z ∈ z. From this it follows that ⟨J 2 z x, y⟩ = ⟨Sz, z⟩⟨Ax, y⟩ for all x, y ∈ v and for all z ∈ z. This imply that J 2 z = ⟨Sz, z⟩A for all z ∈ z. Corollary 1.7. Let N be a simply connected 2-step nilpotent Lie group with its Lie algebra n = z ⊕ v satisfying (1.2). Then the following equalities holds
for all z 1 , z 2 ∈ z with ⟨Sz 1 , z 2 ⟩ = 0 and eigenvector x of A with an eigenvalue −λ 2 .
Proof. By items (2) and (5) in Lemma 1.6 we have
which proves the first equality. Note that
Also we have for every ζ ∈ z with ⟨Sζ,
These three equalities imply that
for all z ∈ z. So we can conclude that the second equality holds.
From now on, N will denote a simply connected 2-step nilpotent Lie group with a left invariant metric ⟨ , ⟩ satisfying (1.2) for a fixed negative definite symmetric operator A on v and a fixed positive definite symmetric operator S on z. Assume that z and v are decomposed as direct sums ⊕ l k=1 z k and ⊕ m i=1 v i , respectively where z k and v i are eigenspaces of S and A corresponding to eigenvalues α k and −λ 2 i , respectively. For simplicity we will use the notation
Let γ be a geodesic in N with γ(0) = e andγ(0) = z 0 + x 0 ∈ z ⊕ v, respectively, and let J = J z0 . We may assume γ is normalized so that ⟨γ,γ⟩ = 1. As usual, Z * denotes the set of all integers with 0 removed. 
For completeness we will state characterizations of Jacobi fields and calculations of conjugate points in simple cases which can be derived by direct calculation using Proposition 1.3. 
and mult cp (
Now we will state the main results of this paper which will be proved in Section 2 of this paper. We will use properties 1-3 in Proposition 1.5 without comments. 
. , m. Then γ(t 0 ) is conjugate to γ(0) along γ if and only if either
µi , the multiplicity is as follows.
where 
. , m, γ(t 0 ) is conjugate to γ(0) if and only if
µi , the multiplicity are as follows.
Proof. Let z be a unit vector in the center z of the Lie algebra n. Since z is one dimensional, there exists a constant c such that z 0 = cz. then we have J
Thus, the given group N satisfies (1.2) with S = I and A = J 2 z . So, we can apply results of Theorem 1.13 to this group N . Since S = I, we may assume that
This imply that the condition
can be simplified as
where
Multiplying the value ⟨z 0 , z 0 ⟩ at both sides of (1.13), we have
Therefore γ(t 0 ) is conjugate to γ(0) if and only if
where B is the set defined by (1.12).
When
where h 3 (t) and h 4 (t) are given by (1.10) and (1.11) with S = I becomes
So we have the desired multiplicity formulas.
To derive the following corollary from Theorem 1.13, we need to note that if N is H-type, then e −t0J = I for every t 0 ∈ 2π |z0| Z * . ⊥ , which is not an orthogonal decomposition in general, we may assume thaṫ
Corollary 1.15 ([1, 8]). Let γ be such a geodesic in an
H-type group N , z 0 ̸ = 0 ̸ = x 0 . Then γ(t 0 ) is conjugate to γ(0) if and only if t 0 ∈ 2π |z0| Z * ∪ B, where B = { t ∈ R ⟨x 0 , x 0 ⟩ |z 0 |t 2 cot |z 0 |t 2 = 1 } . If t 0 ∈ B, then mult cp (t 0 ) = 1. If t 0 = 2πn |z0| , mult cp (t 0 ) = dim v − 1.
Proofs of main results

Proof of Proposition 1.12. Assume that Y (t) = z(t) + e tJ u(t) is a nontrivial
for a constant c and a constant vector ζ ∈ z with (2.3) ⟨Sz 0 , ζ⟩ = 0.
By direct computations we can show that the general solution of equation (2.2) satisfying u(0) = 0 is given by (1.5). To show this, we used the fact that e −tJ J ζ = J ζ e tJ ; this follows from item (2) in Lemma 1.6 and (2.3).
Using (1.4), from (2.4) we finḋ
Integrating this under the condition z(0) = 0, we have
by Corollary 1.7, the above equation becomes (1.6). We showed that if a vector field Y (t) = z(t) + e tJ u(t) along γ is a Jacobi field with Y (0) = 0, then u(t) and z(t) must be of the forms (1.5) and (1.6) respectively for a constant c, a vector ζ ∈ z which is orthogonal to the vector Sz 0 and a 
µi Z * , which implies that e −t0J − I is invertible on v by Lemma 1.9. Then since u(t 0 ) = 0, we have (2.5)
Using (1.4) and the following identity (
Replacing these into (1.6) and after some computations we find (2.6)
From (2.6) we find
Then we have
for h 1 (t) and h 2 (t) given by (1.8) and (1.9).
z k be decompositions of z 0 and ζ, where the z k are the eigenspaces of the operator S with the corresponding eigenvalues α k . Then z(t 0 ) = 0 and (2.7) imply (2.8) 
